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FOREWORD

The Space and Information Systems Divisicn (S&ID) of North American
Aviation, Inc. {NAA) under Contract AF 30(602)-3538 with the Rome Air "
Developmen* Center (RADC) of the United States Air Force agreed to perform -¥
a 10-month study designed to develop digital computer techniques in two
areas of interest to the RADC tracking facility. First, a differential
correction geocentric orbit computation program for reducing observed data
was to be prepared which would operate in a near-optimum manner at the RADC
computer center. Secondly, a computational logic which could be utilized
in the tracking process for driving the tracking antennae in an open-loop
mode was to be prepared. This second progran would emplcy general perturba-
tions theory in the definition of the predicted trajectory. (This former
task is reported in SID 65-1203-1).

This report was prepared as partial documentation of the seccnd task,
The contents present the program logic and FPRTRAN listings fcr the main
body of the required program.

The program can be divided operationally into two parts; (1) the
trajectory prediction routine and,(2) the tracking routine.

The prediction routine uses a general perturbation theory to assess the
first order changes in the osculating elements due to oblateness and drag.
No singularities in inclination or eccentricity are present in the formulation #
which is taken from the work of Anthony G. Lubowe (Appendix I).

The tracking routine has been designed to accept as many as ten active
stations and to output range, range-rate, azimuth and elevation data for NS
any station viewing the satellite.

This contract has been managed at NAA S&ID by Mr., J. A, Hill and
directed by Mr., G. E, Townsend, J. C, Mendez, assisted by Mr. Townsend,
designed the rationale for the program, coded the major portion of the logic,
performed the preliminary checks of the operation, and prepared this document.

The assistance offered by RADC personnel under the direction of
Mr. Gordon Negus (Program Manager) is gratefully acknowledged.
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ABSTRACT

This document presents the formulation, computational logic, and coding
information developed for the purpose of tracking an artificial earth satellite
in an open-loop mode., The program was developed as a FgRTRAN IV, IBM 7094
program which uses the standard North American Aviation monitor system (NAASYS
version 13), The logic presented is intended for use in developing a similar
program for the Packard Bell 250 digital computer,

The trajectory prediction portion of the program is a general perturba-
tion formulation developed by Anthony G, Lubowe of Bell Telephone Laboratories.,
The tracking portion of the program can accept as many as ten tracking
stations and outputs range, range-rate, azimuth and elevation data.
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INTRODUCTION

This program is designed to track an artificial earth satellite in an
open-loop mode on & Packard Bell 250 computer. Accordingly, the program
can be considered to perform two major tasks:

l. Prediction of the satellite's pecsition and velocity
vectors, and

2. Interrogation of the active tracking stations.
Functionally, the program consists of two driving routines:

1. P@PSVEL drives the prediction routine, and
2. TRAK drives the tracking routise.

Efforts have been made to insure a high level of interrnal consistency
throughout the program. Particular care has been taken with the iteration
on Kepler's equation and with the logic for computing and storing the changes
to the orbital elements,

The formulation for the prediction routine has been selected to eliminate
singularities at the critical inclination, and at low (or zerc) inclinationms,
and/or eccentricities; it has been taken from a paper by Anthony G. Lubowe
which is reporduced in Appendix I.

Briefly, the theory is as follows: a set of non-singular osculating
elements is computed from the initial position, velocity, and time; the
non-singular elements replace the more traditional set (a, e, i,w ,a , € )
which leads to the above noted singularities. The selected non-singular
elements are:

a=a

M =¢ sinw = e sin (w +4)
V=1¢ Ccosw

p = sin i sin.A

q = 8in i cos ..

T=t-@

SIE

First order perturbations to these elements due to oblateness and drag have
been included. Higher order terms, i.e., order J2, H, K have been dropped.
Lagrange's Planetary Equation's form the basis for the oblateness perturbation
theory. These equations express the orbit of a body experiencing a perturbing
force in terms of the deviations of the orbital elements from those describing
the unperturbed orbit. They are six first-order differential equations with
time as the independent variable., The independent variable is transformed from
time to the angle theta, in the unperturbed orbit ( © = longitude of perigee +
true anomoly). The six differential equations can then be integrated between
8, &nd 0] by holding the orbital elements constant over the interval of integ-
ration. The result is a first order approximation to the changes in the elements
due to the perturbations considered.

SID 65-1203-3
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The perturbations due to drag have bsen taken from work by T, E, Sterne,
A description of the work has been included in Appendix IIj the description
originally appeared in the Orbital Handbook, NASA SP-33, Part 1, Volume I,

Input data for the program consists of geocentric position and velocity
vectors (rectangular coordinates), the corresponding whole numbcr of days past
zero hours, 1 January 1950, and the fractional part of a day, Due to approxi-
mations in the formulation and the limited duration (less than 10 days) of
most applications, no correction for motion of the vernal equinox has been
included. Thus, the program operates in a rectangular equatorial coordinate
system tied to the true equinox of the date of the initial conditions. Further
required input are the step sizn in seconds (i.e., the interval between con-
secutive predictions of position and velocity), the final elapsed time, the
W/CpA and tracking station data. The main program (MAIN) reads the input data
and drives the program. The prediction of trajectory points is accomplished
in subroutine P@SVEL. During the first pass, the initial osculating elements
are computed and scored; in subsequent passes, this operation is skipped.

Then the changes to the osculating elements due to first-order oblateness and
drag perturbations are computed. To preserve maximum accuracy, these changes
are stored in running sums, These running sums are added to the original
elements at each step rather than adding the changes to the elements at each
step, The predicted position and velocity vectors are then computed using

the updated elements. The prediction has now been accomplished and control is
returned to the main program,

Main next calls the tracking routine (subroutine TRAK) which computes the
local hour angle and %he up, east, and north unit vectors at the tracking site,
as well as the position and velocity vectors of the tracking site, The posi-
tion and velocity vectors of the satellite relative to the tracking site can
then be computed by vector subtraction, Finally, range, range-rate, azimuth
and elevation data are calculated. At this point, control is again returned
to the main program.

Now, the prediction and tracking cycle is complete, and the elapsed time
is checked to determine whether the program should continue or terminate the
computation, Care has been exercised to assure that these operations can be
performed in small fractions of a second on the IBM 7094 and that operation
times on smaller computers (e,g., the Packard Bell 250) will be reasonable,
As a result, the real-time capability required for tracking is obtainable.

Also iacluded in this documentation is the logic necessary to differen-
tially cerrect the position and velocity vectors based on a set of observations,
The rationale for this process involves the reduction of a set, of observed
minus computed residuals; and the prediction of a corrected set of position
and veiocity vectors at some future time, To be specific, the weighted least-
squares process is used to produce agreement between a set of nine observations
(R, Ay E, acquired at three epochs) and the corresponding computed values at
the specified lead time, This logic has not been included in the program
because the acquisition and method of input pf the nine observations depend on
the tracking and computing hardware used. It is epxected, however, that the
observation data array v 1ld be constructed in, and the differential correc-
tions driver routine (PRCDIK) would be called from TRAK; thea the computed

-2 - SIN 65~1203-3
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corrections would be added to the computed position and velocity vectors at the
lead time and a flag raised, When control was returned to the main program,
the flag would indicate that a corrected position and velccity were available;
the corresponding "corrected" osculating slements would be computed, and the
computation would proceed as before.

It should be noted that the lead time must be great enough to allow real-
time computation,

The following diagram indicates the program operation schematically,

-3 - SID 65-1203-3
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The following pages describe the purpose, formulation, etc. of each
subroutine,
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Subroutine BIZCK DATA

Purpose: To read block data into name common
Deck Name: BLACK
Subroutines Called: NONE
Functions Called: NONE
Deck Length: 000018
Input/Output :
FPRTRAN Math Common/ finit
I/0 | Name Name Dimension | Argument Definition
@ GCEN ke 1 ASTR@ gravitational constant of
the Earth
g AJ J 1 ASTR@ first term in the Earth's
gravitational potential
RE Re 1 ASTR@ Earth's equatorial radius
RP Rp 1 ASTR@ Earth's polar radius
0] ALT A 1 ATMZS lowest altitude tabulated
!
in density
'] STEP S 1 ATMgS distance between altitudes
in density table
@ |[DENS(M) Pm 36 ATM@S tabulated values of density

SID 65-1203-3
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MAIN ROUTINE

Purpose: Main routine
Deck Name: MAIN

Subroutines Called: P@SVEL (prediction logic)
TRAK (tracking logic)

Functions Required: None

Deck Length: 00515¢

Method: MAIN reads input data, calls P@SVEL and TRAK in sequence
and exercises control over continue or terminate
decision,

-9 - SID 65-1203-3



MAIN  FLow CHART

( ENTER )

{p: O
¢, = DELY

CALL POSVEL

(2N
0
1)
N
“~

ZI =t/*dt

A
F Le ¢ 86400

4
L1

yes \ no
te </ 7
2w * Cuwii
IR,
§ |
CALL TRACK
yes no
p l
(reramn)
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Subroutine P@SVEL

Purpose: This routine computes the predicted position and
velocity vectors at time tj.

Deck Name: P@SVL

Calling Sequence: CALL P@SVEL (RVEC, VVEC, RNEW, VNEW, T@, Tl, MONK)

Subroutines Required: @SCUL %computes osculating elements)
THET computes theta for & given time)
DPBL  (computes oblateness perturbation)
DRAG  (computes drag perturbation)
VECT (computes position and velocity vectors)

Functions Required: NONE
Deck Length: 5l2g
Input/Output:
FORPRAN | Math Common/
I/O Name Rame Dimension Argument Description
I RVEC R 3 Arg current position vec-
tor
-5
I VVEC v 3 Arg current veloclty vec-
tor
¢ RNEW ﬁk 3 Arg predicted position
vector
-3
¢ VNEW vy 3 Arg predicted velocity
vector
I TO to 1 Arg current tiume
I TI ty 1 Arg time of prediction
I WCDA gNk 1l Arg w= spacecraft weight
e Cp= drag coefficient
A= cross sectional ares
I MONK 1 Arg index = 1 for {irst psass
through, 2 for subse-
quent passes

- 15 - SID 65~1203-3



Description of Equations*

This routine predicts the satellite's position and velocity vectors at
a specified time. P@PSVEL is called each time the position and velocity are
to be predicted; when the prediction has been made, control is returned to
the main program.

During the first pass, the running sums of the perturbations to the ele-
ments are set equal to zerc. @SCUL is called to compute the orbital elements
and the original values of the orbital elements are stored. During subsequent
passes, this computation is omitted and the updated elements are used to com-
pute the current value of theta. Then, in both the first and later passes,
the value of theta at the prediction time is computed (in subroutine THET).
Next, the changes in the osculating elements due to oblateness (aubroutine
D¢BL$ and drag (subroutine DRAG) are computed and the running sums of per-
turbations to the elements are updated. The updated running sums are added
to the original values of the osculating elements at the prediction time.
These values are used to compute the satellite's position and velocity vec-
tors (in subroutine VECT).

- 16 - SID 65-1203-3



JUBROQU TIVE

POS VEL

( ENTER )

-

L

At = ¢,

b

‘—< monk

>/

N\ Ne

/

Qsym
Psum
Jsum
Msum
Vsum
Sum

AL 1}

)]

o000 OO

y

CALL @SCUL(R, ?,zo} a, u,V,P,8,7,%,6) J‘

Y

A 4

Qpr
Por
?or
Mer
Vor
Tor

1< x®YD 2

CALL THET (q, 4, V)8, 7’; to,n)

L.
\

CacsL THET (@, mu, v, 8, T,

¢,yn)
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6 =

e + 271

._Z

"
r&
P o) m ,
(33

o

<
N
[
U]
|
@
Y]

o+

e + 2T

CALL D@BL (a, PG 4 V) 7) Loy €,y 6oy 8;da, dp, a’g,a’/ga’%@’{o)
CALL DrRAG (a, Ps s My dda; ddp, dlg ; ddyydd Vv, dd 7, oy Zryns4)

Ysum
Psuri
FSurt
Hsum
VSUN

Tsum

= Asyrq 7
= Psum 7
= o +
0’ Sum ’
T Msum 7
= Vsum *
= Zﬁun *
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up date +the

orbital elernents

a = G Csum
P = Pr Psunm
% °  Gor Fsum
M7 for Msum
Vo= Ve Vium
7= or Tsur
p =2m 5
B
Lr = ¢t~ s
¥
yges < no

v

it
O M W

= -
CALL VECT (Qyuy\V,p1§y 6, Ry Vpy T )

’— monk

\ 4

< RETURN ’
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Subroutine (ASCUL

Purpose: This routine computes the osculating elements corres-
ponding to a given position vector, velccity vector and
time,

Deck Name: #3cuLL

Calling Sequence: CALL #scUL (RVEC, RD@T, T, A, MU, NU, P, Q, TCAP, SGN,
THETA)

Subroutines Called: CR@SS

Functions Called: AMAG  (vector magnitude)
DT (dot product)
SQRT
ATAN2 (arc tangent)
SIN
cds
Deck Length: 52&8
Input/Output :
FORTRAN Math Common/
1/0 Name Name Dimension Argument Definition
I RVEC ﬁ 3 Arg position vector at time
t
I RD@T R 3 Arg velocity vector at time
t
I T t 1 Arg current time
d A 2 1 Arg semi-major axis
) MU H 1 Arg u = esnw
@ NU v 1 Arg v = ecos
fé P P 1 Arg P = Sivak SV KL
¢ Q q 1 AYE g = S/inv4 COS AL
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-

FORTRAN Math Common,/
1/0 Name Name Dimension | Argument Definition
h’ ~/

4/ TCAP T 1 Arg T =¢-n(Trm) = "ime
of equinox passage!,

) SGN 1l Arg = +1 for posigrade
orbits

= -1 for retrograde

orbits

¢ THETA 0 1 Arg @ =&+ # = longitude in
the orbit

I GCEN k 1 ASTR@ |gravitational constant of
Earth (length3/time?)

I AJ J 1 ASTR$ | first term in Jeffrey's
gravitational potential

I RE R 1 ASTR$ | equatorial radius of the
Earth

I RP Rp 1 ASTRg | polar radius of the Earth

~ 28 - SID 65-1203-3




SUBROUTINE QSCUL

( enrer )

v

Q
st = /R
-
V =/V/
-2 -
ﬁ=Rx7
A=Al
q =kt )2 ke ~rtV3)
)
=)
y
= 2
7" h
ccosf = by
kg™
f:.ﬁL -5 O
e SIN Aé_‘,z (ﬁ °R)
A = A :
12V p2_g2 use + S o0 =o
B = Vil -~ /f 90 <.l < /80
/.ﬂ’/_/gz..?_z
Va4
- S/IN @
& =Arcran (c_os 9)

M ecosfane —eSivfcasd
LV = @Ccosfcos® + €SN Fsmd
e = Vurru?

Vi-e? e snf
CS/NE = 7+ ecuosF
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SUBROUTINE PScuL  (cont)

A < e> .o/ >

Y

3

£=F= *eS//Vf[/_Zg co.sff%‘?-(e&”f)z]

N\

f=Arctan e~—-——-‘wvf)
e cosf

V- ez SInFE
/+ € cos ¥

cos £ £+ e
/ + e cosF

SN E =

cos £ =

£ = Arctan (—__Z’O’:’Si>

Y

7 = T—I//(Za(e rE~f-~€SinE)
£

( Returrn \
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Description of Equations:

Subroutine @SCUL computes the six osculating elements corresponding to
a given position vector, velocity vector and time.

The semi-major axis, a, is computed first.

Let

-
r = /RI

V = IRl

The energy equation is

A o %o 24k
Q"V r

where k is the gravitational constant of the central body (lengthS/timez).
It follows that

z ——rhk
@ = 2k vz (1)
The second and third elements, zsivi siv . and @ =smi cos S

are found from the angular momentum vector, H. _The sketch shows that the
right ascension, o , and declination, 6§ , of H

/‘/ORB/T
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are
Xy = o —%"
8;/ = %? - &

The vector, ﬁ, can be written,

-+

H= (cos oy €058y /v Dy coS by , SINSy)
or

- . . .
H:(SIN L SN ) “SINA cos L, cos & )
In terms of p and q,

H=(p, "G ) eos i)

Now, ?{’ can be computed directly from ?l and _ﬁ

and, finally
P =

A

(2)
The next two elemcunts,
using the variable

& , are computed
"longitude in the orbit" ( &
longitude of perifocus and # = true anomoly).
Write « and WV as

~
:&S/~/N W ani VvV =e Cos
e = * Ff

M = SN = ESIN(E-F)

z(ecos F)simw ® ~(esmflcos ©

<
[

e cos v = ecos (e~F)

(3)

z(e cos f)zos @ + (€ SInNF)swmv o
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The four quantities e cosf, e siv ¥ , s/~ © ,and cos 6 arse
determined below.

(1) e cos £  can be found by combining the equation

_ a(/-e?)
= /! fecosf (l‘)
with
b= JHI = ka(r-e?)
Thus

2
e cosF = k—h; -/ (5)

(2) Differentiation of equation (4) yields

esm f o= 2LZgd L (6)

The sketch shows that » and f can be written
, O
Fo= (A K) (7)

f:‘-' y cos¥
r

Using the expression for angular momentum

h=rVcosy

f becomes

f= 4 (8)

And substituting (7) and (8) into (€)

ali-eYh (R - R)
rka(/~e?)

Th :
e e:nvf=——;%—('$"a>) (9)
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And .“e first two quaniities are determined.

As an aid in fincing s/# & and co3 6 refer to the sketch below:

o~ A Z
6=wrf= 0+6 ‘

From spherical trigonometry,

A .
SIN @ SINA = SInS {

X

. A A . A
COS 4 = zfan?\« - SINX o5 8
tane cos& s/n B

Pay
cosé& = cos & cos 8§

sm& = tan§ | sind cosk
f_an;_ Ccos & S/nN4L

(3) Now, write s/~ @

e A
SING = SIN(DH.+8) 23/~ Co0sO 7COS Dos/v 6

Substitute for /9\

S/ S
S/N 4

/\
SIN © = SINSL Co5 & Cosd + Cos L
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. A A A
SING = SINSLCOSA Ccos 8 1 COSLSIND cos & — Cos . simen cos O

+cos . KNS

SINL

combine first two terms and substitute for &

J’_NES_":?:‘_'/“ 4+ COS QL sen
cosSs~v i SIN &

SIN O = CoS ~ COS Q. co,sé[

n

Cosd cosa + Cos n_swé[ /_L'_‘:_&‘.‘.‘:]

Snv AL

cosdcosask +CO0S . sInE Siva
tteosk

Qr.’.’a[ &] (10)
= r

] +CO0S~

"

(4) The same procedure yields

cose= 4 _ h P __ (11)
r rlLr7+fcose

The last osculating element, "f, is
T =2¢ -n (0 +7r1)

where M = mean anomaly and n = A , the mean motion.

Then, using Kepler's equation,

Tz pgen (DO+F ~F t+E ~@s/nvE)
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2 t-nfo+(e-f)-(esmE)] (12)

The last term, e s/~ &, is computed from

Vi-e? (e snf)

] ¥ € cos ¥

eswnéEs

wherse

Vi-er = VTuiopt

and e s/~#Ff and e cos¥ are given by equations (5) and (9).

If @ = Yu? )2 is small enough so that terms of order e* may be
neglected &-7 can be computed from the series (see Reference, page 64)

e s F)l
F-f = —(eswf)[/ 'é(e cosf)f-%g — '—j';’—v“‘ ]

If ¢ is so large that the series cannot be used, # can be computed
from eswvf and e cos f

f = Am e JlA’f-)
Arctan CcosS

Then the eccentric anomaly, E, is computed from

Swnw E =V - €2 s pf
!+ ecos ¥
cos £ = e + cos £

/! tecosf

And the difference, & -~ £ , can be formed.

Reference: Brouwer, Dirk and Clemence, Gerald M., Methods of Celestial
Mechanics, New York, Academic Press, 1961.
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Purpose:

Deck Name:

Calling Sequence:

Subroutine THET

This routine coumputes @ =

o~
W

= longitude in the

orbit, for a given time and set of orbital elements.

THETT

CALL THET (A, MU, NU, THETA, TCAP, TI, NMgT)

Subroutines Called: N@NE
Functions Called: SQRT
c@s
SIN
ATANR2 (arctangent)
Deck Length: L7
Input/Output
FGRTRAN Math Common/
I/O Name Name Dimension Argument Definition
I A a 1 Arg semi-major axis
I MU M 1 Arg e and
I NU V 1 Arg e coo &
@ THETA &) 1 Arg f+& = longitude in the
orbit
I TCAP T 1 Arg "time of equinox passage"
I Tl t 1 Arg current time
o—
@ NM@T n 1 Arg mean motion = \/ j/a.-’
i GogN k 1 ASTR@ gravitational constant of
Earth = (length’/time?)
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Development of Equations:

Subroutine THET computes the "longitude in the orbit", 8= f + & ’
given time and a particular set of orbital elements. The mean motion and
eccentricity will be needed

V4 =/.—-
al

e=vVuzs v?¥

If € is so small that terms of ordur e? can be neglected, 6 is computed
usingua series expansion. First, let & =l7(t-7‘) , S=e _wunM
and C = € oo M.
Write 8§ as

S=e.aunM=e gin(nt-»T)

=€ .an(Rt-nT+&-G)

"

. A ~
e .aum [m‘,-n\/r—;;)%u]

Finally

§=UM&~/acooé?

A similar manipulation shows that
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E=Veoo&y uan&
The series expansion i‘orf in terms of M 1is, (Reference, page III-27)
f=M+Re MM)»-fezw,ZM,u Ie—;(/sm 3M-3.200M)+. . .
Substituting
2w PM= 2 gimMcoo M
i 3M = 3 atn M~ 4 ain M
and combining terms

p=M+2(e sinM) + 3 (e anM)(e cooM) -
- 3(e anM)(ecooM)’- £ (e ain i)’

adding & to both sides and noting that 8 =2£’ @ and &=p(¢-T)=M+ &
we have

P~

§=5{+§’[2+ c + §—352]

NG
(YEN

For the case of larger @ , © is computed via classic celestial
mechanics methods, & and M are found immediately.

6:@@(*5‘)

M=p(t-T)-&

Then, the eccentric anomaly, E, can be found from Kepler's equation,
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M=E-e s £

bv a Newton-Raphson iteration technique. £, , the first guess for E, is
selected by truncating the series for E in terms of M

2
E=M+e MM+% e (2M)

The estimate is improved according to

. M=-E;+ caum &y
Ern=€;7 /-ecoo E;

The value of true ancmaly, g , is obtained from

V/-e? awm E

“4‘412;)== /- €@ coo £

030 fo:,iofs

Finally,

9=)chf)'

Reference: Jensen, J., Kraft, K. D., and Townsend, G. T., "Orbital
Mechanics, Chapter III, Orbital Flight Handbook", NASA SP-33, Volume 1,
part 1, dated 1963.
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Purpose:

Deck Name:

Calling Sequence:

Subroutine D@BL

To compute the perturbations of the nonsingular
osculating elements due to oblateness

D@BAL

DFBL (A, P, Q, MU, NU, TCAP, T¢, TI, THETA®, THETA,
DA, DP, DQ, DM, DN, DT, NMgT)

Subroutines Called: @BCEN
Functions Called: SIN
c@s
SQRT
Deck Length: 01750g
Input/Output:
l FGRTRAN Math Common,/
I/O Name Name Dimension Argument Definition
I A a 1 Arg semi-major axis
I P p 1 Arg p =.4m{ . am
I Q qQ 1 Arg q =.ami Coo )
I MU M 1 Arg U= e.anid
I NU v 1 Arg V=ecodw
I TCAP 7 1 Arg "time of equinox passage”
I To t, 1 Arg current time
I TI t, 1 Arg time of prediction
I THETAD Q) 1 Arg current longitude in the
orbit
I THETA e 1 Arg longitude in the orbit
at time of prediction
- 49 -
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F@RTRAN Math Conmon,/
I/0 | Name Name Dimensicn | Argument Definition
¢ DA 4a 1 Arg change in semi-major axis
@ DP bp 1 Arg change in p
/] ) 8) Aq 1 Arg change in q
@ DM A u 1 Acg change in &
@ DN AV 1 Arg change in V
@ DT AT 1 Arg change in T
I NMAT n 1 Arg mean motion
GCgN ke 1 ASTR$  |gravitational constant of
the earth
AJ J 1 ASTR$  |first harmonic in Jeffrey's
gravitational potential
RE R, 1 ASTRF |equatorial radius of the
earth
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FLOW D/AG RANM DPLL

( ENTER )

v

cos 4= /—,02:—}?—5
e = ‘V/‘(‘?* \;E——
R = 2/RE
a(/-e2)’
. JRE
/3' =
g La(/-e2)]?
Fg_ = /:/o
Fu = Fp
FV = Fp
= £
Fr, * Lz
Tz )
T
( CALL QBCON
Y

Ad
ap
2

B

ayv

a3(;-e?)3

=)
2JR% {(/fﬂ.mv@ + Vc0$6)3 [;’ *(2 SING -p COS@)Z] }

P

n

= 2}

(2%

2]
fp {P/O tRSING +Pcos @ * E“’: SIV28 # _f—i‘cos 26 +F% S/A/;?é?,cf/cos_;e} ’
C 6

(3

2 or %« 53" 3(9 2 o 6
Fg(gle,+$25/~e fﬁscos _2_5//v29f = cos 29/-_6,_.5'//\/3<9+_§_ ¢cos3 }

6o

=/7,(,u,9 F U SING FpyOSO # g SIN2O 4 A5 C0S28 + Uy SIN 36

2

/
M7 COS36 + 2t SIN 4O - f/u,, COSHO + jg M10SIN SO =5 L4, 00559}

f Z 'l s "o
* Fn L\/,O‘FVZ.SIN@-#VBCOSa + Va siv28 7
2

-
NL\\

3
* V0536 2y, s/v 40 f:’? Y, cos 46 + 1%_05//\/59%

Cos5 20 + ‘Vlé NYZa% 3

9

6o

©

5/
Viucosse } !
7% ,
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~ 3 2
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+ E45C0520 + €4,5IN 36 + £4,C05 39] ! +[£+asn\se +£4,C050
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+€4,5iN20 + E4) co520 +E4,5in30+ £4, c05 36 +E4, 5IN 40
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6o

Y
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Development of Equations:

The general perturbation expressions for the changes in the non-
singular csculating elements due to the first order bl ateness perturbation
have been taken from a formulation due to Lubowe (Appendix I ). The
non-singular elements

a = semi-major axis
p = sin i sin o
q = sin i cos i
M = e sin O
V = e cosW
~ lnd
T = ¢t -¥
n

have been chosen to eliminate low e and/or low i singularities in the
perturbation expressions, and the formulation is first order in the sense
that only terms of order J have been retained. Terms of order J2, H and
D have bee= dropped.

The development begins with lagrange's Planetary Equations, which
express the orbit of a body experiencing a perturbing force in terms of the
deviations of the orbital elements from those describing the unperturbed
orbit. These equations are six first-order differential equations with
time as the independent variable. The independent variable is transformed
from time to the angle theta = "true anomaly + longitude of perigee" in
the unperturbed orbit. The six differential equations can then be
inteprated between 6, and Ql by holding the orbital elements constant
over the interval of interration. The result is a first order approximation
to the chances ir the elements due to the perturbation considered.
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Subroutine ¢RCEN

Purpose: This routine computes the constants in the expressions
for the oblateness perturbations

Deck Name: #BCENN

Calling Sequence: SUBRUTINE ¢#BCAN (P, Q, MU, NU)

Subroutines Called: NENE

Functions Called: SQRT

Deck Length: 035074

Input/Output :

FQRTRAN | Math Common/

I/0 | Name Name Dimension | Argument Definition
I P P 1 Arg P =S/INL SN L
1 Q q 1 Arg q=3Swva cos Ll
I MU y7 1 Arg pu=e s
I NU v 1 Arg V=¢e s NGO
@ PP(I) p; 7 gegNST constants used in comput-

ing Ap

g | Q1) q; 7 gognsT ag
g | MMu(x) A 11 gogNST 'y
@ | NNU(T) V 11 goPNST av
@ [EPS2(I) £2; 7 gogNsT A7
g [EPS3(I) £ 3; 7 GCENST Na
g [EPSL(I) €4 17 gognsT AT
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( ENTER )

£= -gcosi

f = Vgl mcosi-p2)ig ap(1-pRags St [u(pt -9 upy |
B=uglzrcosi-p2)- 4 up(/-p2rg? + m%[zy(pi’ a2)+upﬂ
5 g(r-2p2) + L (7 -9%)

G mp(r-pPrg?) t /—ffffT

Bz V§lr-2p2) ~uplr-p* 7‘52)7“_; [u(pz 2)+2/a/ogj

-
11

Mg (1-2p%) ~VUp(1-p?rg?) +/$7_-§TL—[M,D -42) +2 /,05;]

¥

- cos £
§o= VP(5+cosi-g2)-2ug[1+p?~g ] ,,%[LV(PZ-;2)~AP3]
g, = up(z "cosz—gz’)v‘éug(/*/o"’—g‘) 77’307[;2_#(}?2-@2)*'\1;3%]

4,= Pl1-2¢%) = Ftar (p?-g%)

Js=gl1#p2g2) -2 p3 T

/1t OS54
- . - 2 2 . . [- I .._.,2__ Y ”
G 2pglimrigf)ivpli-zg2)e I3 cosi{V(ﬁ”‘Pz/\ ‘4/!/’5]

57 = V?[/*P-?_gz) -/up{/-272)_ /—Tﬁﬁ[/‘(ﬁz _./02)7,2,‘;'75J
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M = UV [2 _?5(,02*52) - COSJ,']
Hy =-;’(P2_52)(/+3/,2_ zu-?),tgpi/uu f[/-f{/az#jz)”/,é(ﬂz,, Uz)]
2 : L
V3= Z(pregt) - cos )t by 2 rupg-v(p2-5)
M3 '-;"/’f(:?v‘ Su? - 3v2) —/lu(z‘? - 4—‘3/02——49/52 —~ Ccos x,')

/ cos £

-4y /fcosé.[y(p"'—;?) +2L/,og]

Mz_wpz_?z)[_g - - QOU, ]+5/(,ogu/[/-—§(,oz ,52)]

Hs = —éﬂ(Pz_fz) -“2)//0;[22‘ _/%Céff]—/u[/' —23-(/927‘-?2)]
Hy = =75 (PPg2) (28 4 1742 £ 11V3) 435 (L3-p?) [/- 5(,02772)]
/ < |

+ _;;m/pg -Z’U ﬁ%ﬁﬁ' [/[P2_52) 7‘2/(,0;]

H1753pg (28717t 4 11VF) fﬂ“[/‘f(/’z"ﬁz)J rguv (p=g%)
v 72 )| 2ve g u (p750)

Hp= VIgEp?) ~2upg

pg® ZVPy —ulp? —9?)

pho™ (2= V)(p2-g2) ~TurPg

w* oy (V) “pv (p*g?)
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1
4 oafeori 2 0 1 (105 ]
Y, =;’p5[2 ~3u* tSVR)—uv (% - ;’.‘,02—;?;2- cos )
cos 4

2 u(75a) | 2mpg (P57 |

Uy = =g (o= g2) 1= 2472 3%+ £ popgr|i-Hp 2*52)] [’*a‘(f*‘*i’Z)J

3 ' / <
Z [Z“f(/”"f)‘”“} t 3l 75555) | mp?-57) +2VPg |

V1S e 5% - e ] * [/—%(PZ*ZZ)]

Vo= —$V(p*~g2) ~2upgls - rrcesr) * ¥ [1 = 3(P* +3°)]

Y, * % (28 + 147+ /7V2)-Z/,(/V|:/—"Zz(p2+i2)] =5 puv(p*-42)
*éﬂ(ﬁ%’%)[vfpz-zz) * Z//-ﬁg]

= 5 (pPg2) (267 1t #1702 )esk (7 Blptag?)]

-Fuvpg + tu(75E557) [2vegmul Pt —4?))

Vg :2vpp-m(p2-g2)

Vg =V (9%-p2) =2 upg

V= P§ (VE~%) v (p2=47)

V= =(W=u?) p2=4%) = ¢ uvpg
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€2, = - p?-g2
€2, = 2upg -V (3P%14%)

€25 = u(p?+33%)-2vpF

£2, = 4%-p?

€2 = ~Pg

E2p = ~V(pE-g?)-2upg

€2; = 2Vpg -u(p?-g2)

£3, = 1= 3(p2rg?)

€3, = V(I~3p2-29°) + 4P
€3, = wl/= 2p%- 44%) + dvpyg
£, = ~Z(rP-§%

€3 “3pg

€3, *  ~v(p*-42)-2upg

£3,°  mlpr-g?) t2vpg

&4, = urry?

£, = 1+ F (Ut V?)

E4; = 1+ 2 (u2r0?)
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Edyg =
€4, -
€4y, °

7 (V242

-y

H vI(vi-342)

3w (u? - 302)

F[V(g2 Pt 2070 4 upg(Su tsv2-2)]
[a(§-p2) (2% 4 2 = vpg(Su? 13 v2-2) ]
(u?+v2)(g% - p?)

Z(u?2+v?2)pg

P~

Diw

s 4%(//’»%/2)

EP[Ug*-p) 2 upy]
EP[//(PZ-g‘?)"ZVPg]

3 [(Vo)g p2) - duvpg ]

-2 [av(g-p?) + (V74 py ]

% [(V2-3u2 )V(q%-p?2 )1 2 u(p? -3v%)pg]
i6[(n2-3v%) u (97-p2) ~2V(V*-32) p5]

( RETURN )
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Purpose:

Deck Name:

Calling Sequence:

Subroutine DRAG
To compute the changes in the nonsingular orbital
elements due to drag over the time period ¢, -¢, .
TRAGG

SUBROUTINE DRAG (A, P, Q, MU, NU, DDA, DDP, DDQ, DDM,
DDN, DDT, T9, TI, AMJT, WCDA)

Subroutines Called: DENSIT
Functions Called: SIN
cgs
ATAN2 (Arctan)
SQRT
BESEL (Bessel Functions)

Deck Length: 014734

Input/Output :

FORTRAN Math Common/

I/0 | Name Name Dimension |Argument Definition
I A a 1 Arg a = semi-major axis
I P p 1 ATg | P =S4 siv O
1 Q q 1 Arg | 9 = S/~ L cos s
I MU y; 1 Arg | pu= e sin w
I NU v 1 Arg | V= ¢ cos &
¢ DDA $a 1 Arg change in a
@ DDP 8§p 1 hrg change in p
¢ DDQ 69 1 Arg change in q
/] DDM 8 u 1 Arg | change in u
/) DDN §v 1 Arg change in W
g DDT 8T 1 Arg | change in T

- 70 = SID 65-1203-3




F@RTRAN Math Common/
I/0 | Name Name Dimension | Argument Definition
I T to 1 Arg current time
I X t, 1 Arg prediction time
I AMgT 1 Arg mean motion
I WCDA w 1 Arg W ., pounds/square feet
CoA Coh
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SUBROUTINE DRASC

< ENTER )

Y’

SIre L =.V/D“;‘- 2
coss =V =SsmwE

Ne A yes
€=0
\/

w =0
SIN L

L a
cos W =0

yes

1] P M
COSA cos 2. = Lo £
S/NV L
COosLSinSL = Geose
Sin AL
O = Arcton [ COS L3N L2
cos A cosSd

I

COoSACcOSSL =0
cosLsin SL=0

L. =0

w = g “~/_Q_
8=

2(&57
hp =a(/-e)

eS/NE = /af V/D

I

;_ /(‘.SIN £ \2.‘ 2

L2 ..L
" LA’:- Re /|
ho=hp =R
Vz/ SLoo (/69 /”’ ]
~ 3287

A
-T2 =

Dl T TN P TIIIT en ae+ oot e et B 2o

—y—.—
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SUBROC FivE  ORAG  (Con?)

A

o = DENSIT (Ap)

B

Fz ,_z(g)c/—e) /~C cosk

——

/Fre

. ae
e= o

r

<C<2. \/\ yes >@

1 wo

« _ € [e 4 £-/
rF7o= /~-e2 L VF ]
. 2 Qﬁf_]f_gﬂ_

o« zro()at o

_ /-8e + 3e?)
sa=-qf 1 e (/-&?)

_ /-e _ 374e - 3é°
0[ a_/[/ Be (1-e2)
/_f_?-

AL = "0(’_8)2{6052‘” 1‘57/:[8(/-&) *

2 — .
rF T+ (Ze*rée /S)]} costw snv 4

AR

(/7~-e)
2 =prr-e)? i ¥ wy .
A L2 O(/-¢e) {/ *yc[‘“’ F T - ey CoOSW SING
AW = —cosi A
“« 73 = SID 65-1203-3
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SUBROUTINE DORAG (con't)

C

K = T (We)a?,,‘/——e‘c

(coa)

2n_ a*p, Fe©

(co )
Aa = -GCHc)V/fo [u ze) Z,ce) +2e Z,(Q)]
Ae —%V/L?g [(/—e) Z,(c) + Z’c:(z" (c) +JZ[C)]
AL = -K{f’[(lo(d -.Z:z(C)]-fc_o.s‘?w[.Zz(c) ~ge],(c_)§_\.,~‘;
a0 = ~K[ L) ~2eI,cc)]sim w casw
AwW = —cosi A

-

au ssnDae (AN raw)
AV Fcos lDae ~pu(ASL +aw)
Ap 2 cosL SINn L AL -/~j-A.D_

A% 2 COS AL cos SLAL

~pifL
~ (AW + A )1

"

- T -

@
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SUBROUTINE PRAG (cont)

§p = X(ap)
8? = x(ag)
Su = X(ap)

on
<
"
s
~
B
<

- 75 -
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Development of Equations:

The expressions for the changes in the oscuvlating elements due to drag
have been based on the formulation appearing in The Orbital Flight Handbook,
NASA SP-33 (see Reference). The appropriate pages are reproduced in
Appendix II. In this theory, expressions are derived for the changes in
the ciements (a, e, i, o ,vJ5 over one revolution; the following assumptions
are made:

(1) The density is assumed to be spherically symmetric and to change
exponentially above perigee.

(2) The satellite is assumed to move along the unperturbed Keplerian
orbit for the integration range of one orbit.

(3) The atmosphere rotates with the Earth at a uniform angular rate.

Changes in the classic elements (a, e, i,.0.,w ) can be related to changes
in the nonsingular elements through the following relations:

aa = pa
Ap = cosisna(Ak) t g (A D)
ag * coskcosa(ai) = p(ag)

AU = SIN O () YV(aAD tAWw)

AV = cos 0 (ae) ~u (6D +aw)

-(AWt A £L)
n

These changes are '"per revolution” and are multiplied by

6, ~ 6
2n
to yield the changes during the time period, tq - to.

Reference: Townsend, G. W., 'Perturbations,' Chapter IV, The Orbital Flight
Hapdbook, NASA SP-33, Volume 1, Part 1 (19637
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Purpose:

Deck Name:

Calling Sequence:

Subroutines Called:

Functions Called:

Subroutine DENSIT

This subroutine computes the atmospheric density in
pounds per cubic foot

DENST

RHP = DENSIT (H)

NONE

ALSG (logarithm)
EXP (exponential)

Deck Length: 001368
Input/Ouiput :
F@GRTRAN Math Common,/
1/0 | Name Name Dimension |Argument Definition
I H h 1 Arg altitude above reference
geoid
I ALT by 1 ATMPS | lowest altitude tabulated
in density table
I STEP S 1 ATHES distance bctween values
in density table
I DENS(M) G 36 ATM@S | tabulated values of den-
sity
v/ RHO e 1 density at h
- 83 -
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Development of Equations:

This routine interpolates a 36 point table to compute the atmospheric
density in pounds per cubic feet. Densitiss between 500,000 feet and
1,500,000 feet are tabulated in steps of 30,000; feet below 500,000 feet
an error message is printed and above 1,500,000 feet the density is zeroed.
The computation proceeds as follows: Let h be the altitude; then the
distance, 4 A, between h and the nearest lower tabulated altitude is
computed first. The number of tabulated altitudes below h is

m = h ~ So0uv,000 +/
30 000

The number of intervals of 30,000 feet below h is

X = m-—!

Then
ah=h - 500,000 - (30,000) x

The density at h is computed assumming an exponential variation between
the » and m+/ point

p = Pmerp[ 28, “’(PEL,,,U‘”

- 84 - SID 65-1203-3



Function DENSIT

<A;A/ >J‘L—*\

-~

ho
CALL DUNTP
m = h ~ A ~ /
S
A m> 35
no
X = m-/
ahz=h-A, = (5)(X)
e ‘Q,ne)(p LQS‘:’ /Oj/\,?g\y:[)]
1
SR

NEEZLD,
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Subroutine VECT
Purpose: To determine the position and velocity vectors corres-
ponding to a given 6 and a given set of orbital elements.
Deck Name: VECTT
Calling Sequence: VECT (A, MU, NU, P, Q, THETA, RVEC, VVEC, SGN)
Subroutines Called: NONE

Functions Called: SQRT
os
Deck Length: OOb,O28
Input/Ow put :
T'@RTRAN Math Common,/
I/0 | Name Name Dimension Argument Definition
I A a 1 Arg semi-major axis
I MU yr 1 Arg U= ESIN
I NU \'4 1 Arg V= e cos W
I P p 1 Arg P = S/INL SIN L
1 Q q 1 Arg Q= S$/N L COs I
I THETA e 1 Arg 0 =Ff+&
@ RVEC R 3 Arg position vector
@ VVEC R 3 Arg velocity vector
I SGN 1 Arg = + 1 for posigrade orbit
- 1 for retrograde orbit
I GCYN k 1 ASTR@ gravitational conitapt Sf
the Earth (Length’/Time<)
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FQRTRAN Math Common,/
1/0 | Name Name Dimension [Argument Definition
I AJ J 1 ASTRg | first harmonic in Jeffrey's
gravitational potential
I RE Rg 1 ASTR | equatorial radius of the
Earth
I RP Rp 1 ASTRg | polar radius of the Earth

Development of Equations:

to a given set of osculatine elements and 9.

First, the position vector will be determined.

The following relations.

from the sketch and spherical trigonometry, will be needed., Z

e

A
SIN A

A
SN ©

A
c.osg
cos s

.SINS
cos §

cos A
SIN -

RYIVE
SINKL

)/4_

The expression for the third component, } ,/”ls developed first

=\

. A
settine &

P
Nt~

-
-

= & — S

/\ L3
SinvE T SINO Sivd

a0

511 A5-1201-73

RPN B - ——

This routine determines the position and velocity vectors corresponding
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S = i [sw (e -]
=

2 SINL COS QLSING -SINdSIN L COs @

and, in terms of p and g

}: r[?-.r//ve—/ocosej

Consider next, the first component of the position, X,

X . cosxcosd = Cos (27X )cosé
’-

]

A A
(cos D cos X ~s/n O s/nv&) cos &

Substituting for co.so?‘ and §/~ &

X =[Cosncosé\ - S/INQ S/NJCOS/-'];,o:s/cS
r C}A Cy/ﬁ SIin L

A . A
2 C0S O\ coSE —~3S/N QL COS L SING
adding and subtracting .s/rvnsuvé\,
A A A
é:co:n COSO “SINSLSINO + SN L Sonv O
. )
TSIV SL Cos e SINE
A '
¢cos(o t )+ siv O syvE (/-cose)

SIN 4

cos 6 +5vE S/ SINL
] 4+ COSL

:Cos© +< —a—.)s/mé
Jicosi
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-

next substitute equation (1) remembering that 2 = s/wé
r

P
X . . 6 - co:e]
. cono o () [gome

Finally

- - 22 ) P )
X = r[(/ /fcasi)t'ose %( LE_ J/NGJ

/4cose

a similar computation shows that

[(/ -~ 3N 6 +( ces
/#Coab JACoS &

in equations (1), (2) and (3)

ro=oa(-e2) _ ac-pudes?)
1+ @cosf 1+WVecoso +using

(3)

)

Equations (1), (2), (3) and (4) determine the position from a, p, q, 4 , W

and 9.

The velocity vector can be found by differentiating the position vector

with respect to time,

(1]

X

<
(1]
N
X
lag
v
LS
~
.
—
~
{
oD
N
\-/
(Y
Q
[ P9
1)

W]w
~—

"

3 . -f
P \

S(E)-réff 1+ P2 &
7(7) [( /+cou})3”w9 (/fco.u, cos _]

..(pf
/1$¢coSL

sw@] (5)

However, the quantities » and ~6 must be determined. Since the position
and velocity occur in the instantaneous osculating ellipse, the derivatives
7 and @ are taken in the osculating ellipse. In particular & = f.
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From the sketch
F vy cosY

where = /E’/

The angular momentum is

h ‘ﬂa(/-e’) = Vka(/-ﬂ*-uz

Therefore

r6:rf s Yragiatp7)
r

To evaluate »r , differentiate

a(/ - e?)

roo=
!+ ecosf
teo obtain
£ r(eco.sr’)(rf:)
w“
a(/_eZ)

and substitute equation (6)

=ryvcosy

P r(ecosf)

a(r-p-y*)

r

k 1
cos F =
I/C«(/-,az—u?) &co

finally

g e

Equations (6) and (7) determine r6 and -~ , and all the quantities in

equation (5) are known.

93

—- ——— - . e T T b aa—

V«a (/~,a2—_;4337

4 ecos(e-w)
al/-pu2-p?

) (VJM/G - pcos é)
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JUBROUTINE Veer

= QUpR ~U*)
/+ L) COS O + pSINO

A = G
/.z‘:V/*')'D"—?"‘
use *+1f  o0< L=< 90
B = P -/f 90= L = 180
/rg//..,oz..gz
JL = Ke

VSING -H(0S &)
a(lr-pu2-p3) (

/Zé':‘ -\//ffa(/—/az'*\/z) (/—fé)
X = /Lf(/~p8) cos 6 fﬁﬁ.s//v el

4 :/Li(/“?A)J/NQ +PAcos e]
3 :‘/Z[?J/N@ =P cos 6]

% =72(%)-(76)[(1-pB)swe -4 Geos o]
§ = /() +(x6) [C1~gA4)cos & ~pAsm 6]

3=3(7z§:>+ (/cé)[?,mw:@ + psinE]

|
(/?ef‘urn )

9y SID 65-1203-3




09€0133A
0S€0133A
04%€01L23A
0€704233A
02£0123A
01€01I3A
JO0E0L1I3A
06201334
0820C133A
0L20423A
0920133A
0620133A
049204133A
9 Qel01I3A
S 0220133A
0T120133A
00204L33A
0610133A
Y G810433A
OLTI04J3A
13 C910133A
0S101J3A
Z 0%10123A
CET0433A
02T10433A
0110433A
0010133A

0600122A
0800433A
CL004323A
0900133A
0600133A
0%00133A

0€Q0133A
CC00133A
C1C604133A

S 39vVd

¢8/81/10

{i1S»d + 1J#D) # 1p0HLIY + BU/(€)I3AU=LPAY = (€ 3II3AA
(1S«b%d - 13#2d4) = L00HLIY + WY/(2)33AU=1DAY = (2)J3AA
{1Je€d ~ ASe#1d) « L1PQOHIY - ¥Y/(T)J3AU«100Y = (T}J3AA

{12sd - 1Se8) & ¥Y¥ = (€)I3AY
{138%d + 1Sa24) @« ¥Y = (Z2)I3AY
(1Se€d + 13e1d) & ¥Y = (1)I3AY
Yved = b4
ggsd = €d
vyed - °1 = 24
ggad - *1 = i3
¥Y /7 (3N s NOPI9)ILIYDS = 10C0HLY
(1J=2NW - L1S=NN) « (3IND3 / NOZT9) 1¥0S = 1€£QY
INDY / d = 99
INGD / D = vv
{1S*NK + 1J«NN + *1} / 3NPD = b}
(Vi3H11}SPD = 13
(V1IH1)INIS = iS
SSPJeNI9S + *1 = INOD
(288D - Z2aud - *Y) 1¥Y0S = SS83
{(CanIN — 2%l - "1} « ¥ = IND 2
d¥ ¢3Y °rV *NDJY /0¥LISVY/ ACWROD
(€)J3IAA *(C)I3AY NDISNIWIQ
S1I8¥P 3ISIMMNIDTID HWP3d °*1- = NIS
SLIGYD ISIMNZOTIZYIAINNGOD WHL 1T = K9S
*Vvi3HL ‘D ¢d NN *Nh *v SAIN3W3TI TVAIEYD 3HL B1 ONIGNDASSIVYYDD

SYDLI3A ALIIJDIA OGNV NOI1L1ISOd 3JFLl S3ILINIKOT 3NIINOE SIHE

(NSS

- (SINd]

- AN3W31V1S 33¥N6S

€J3AA “C3AY °V1i3HL ‘0 “d

NN

‘nn

Nd43 -

‘Nw v3y

‘AW ¢v) L33A 3NILNOYENS

1133A

L& 3-8

SID 65~1203-3

(@) )

(&

(&) LVOLLLLL

-~

>

P

-



T §  39vd

C8E0123A
OLEQLI3A

98/81/10

(SINZI

IN3IW3LVLS 3Junses

WER!

an3
NYNi3¥

1423A

[ L2 X4

SID 65-1203-3

96

PR ARt v
g AT
- ——a————— i A Yot

R



NPTILIVIDT

] ND1133S

Y 02000
d . S1000
| 21000
d L0000
NOILY30T

¥ 20000
3dAl NOELVIDT

~ %0000 H19N3

6 39Vd

Nd43 NDILVI01 NdI Nd3
T JINIONDASI¥YNI N4l  Nd3
$93 2 NDI1I3S NIS
G373 S3INILNDYUENS
] SINIDJ AYIN3
Y 22000 44
24 Y L1000 14
190¥ ¥ %1000 a8
¥y ¥ 11000 19
INDD Y 90000 $S93
TO8HAS 3dAl NDILVIDT T0EWAS
S3TQVIYVA WVYI0Ud G3INDISNIWIONN
3y ¥ 10000 rv
ID8WAS 3dAL NOTLVIDT T08BHAS
10000 NI9TUD DYLSV
- i C31VIUVA  NOWWDI
193A  3N1LNO¥ENS
dvW  39VHRILS
98/81/10

NOILIVZIOT

6 N8 11335
9 NO1133S

S NOI1133S

e

d
Y
3dAl

AJI018 NOWKOD

Nd

12000
91000
€1000
01006
50000

4 NOILVZOT

£€0000

00000
NDILIVIOT

J9TSAS
140S

133A

1133A

4848

4
u
w

SID 65-1203-3

€d
100H1Y
vv

is
3NPJ
TOBKAS

dt
NOJ9
TDENAS

97




ot  3J9V¢

T 98/81/10

*20%00

S1

SID 65-1203-3

98

1v130 NI HI9N3T ¥J3a

1133A

8% 48

S

e e G AATEg A b Sy

DaAe gy | - v
s e 5

W e~ B

[t ool

S —— g ——




Subroutine TRAK

Purpose: To determine which of the several tracking stations under
consideration is capable of observing the vehicle, and
to compute range, range rate, azimuth and elevation of
the vehicle relative to any visible station.

Deck Name: TRACK
Calling Sequence: BUBRPUTINE TRAK (RDATE, VDATE, TW, TF, NUMBER)

Subroutines Called: GHA
UNIT

CRASS

Functions Called: AMAG (vector magnitude)
DFT  (dot product)
ATAN (arctangent)

Deck Length 005018
FORTRAN Math Common,/
I/0 | Name Name Dimension | Argument Description
I RDATE R 3 Arg Vehicle position vector.
K

I VDATE ' 3 Arg Vehicle velocity vector.

I TW Tw 1 Arg Whole number part of Julian
date.

I TF Tf 1 Arg Fractional part of Julian date.

I NUMBER N 1 Arg Number of tracking stations
considered.

I STATN Sy L0 TRAZT Tracking station data for a
maximum of 10 stations. The
data is arranged in eroups of
4, i.e., latitude, longitude,
altitude, and station name.

I HERCPR H, 10 TRAZT Horizon correction in case
horizon is not at 0° elevation.

I GCEN kg 1 ASTR@ Gravitational constant of Earth.

99 SID 65-1203-3
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FORTRAN Math Common/

I/0| Name Name | Dimension | Argument Description

I| AJ J 1 ABTRg | First harmonic in Earth's
gravitational potential.

I| RE Ry 1 AgTR@ | Earth's equatorial radius.

I| RP Rp 1 AgTRg | Earth's polar radius.

Description of Equations

The Greenwich hour angle and the rotation rate of the Earth are
computed in the subroutine GHA, which is called immediately after entering
TRAK. The following procedure is followed once for each tracking station
under consideration. The subroutine UNIT is called to compute the
position vector of the tracking station, as well as Lhe up, east and
north unit vectors at the tracking station site. Then the position of the
satellite relative to the tracking station can be computed

Q= -é‘RT

The unit relative position vector is,

If U is the up unit vector at the tracking station site, and E is the
elevation

s\

E = Arcsin (1-¢ )

The question of visibility can now be resolved, taking into consideration
any horizon correction imposed by the ceography adjacent to the tracking
station. If E < H_, the satellite cannot be seen by the tracking station.
Note that H_ , the forizon correction, will normally be zero. If the
satellite is not visible, the computation is terminated and the next tracking
station (if any) is considered. If the satellite is visible, the computation
continues with the azimuth determination

A
cos 2 = Q'z".’

A

siny = Q£

. . . . ® . .
wher. 2 is the azimuth, =z is the north unit vector, and ¥ is the east unit

vector at the tracking station site. Then

- TSN 2
Z AFCTOY\ -E—(_)—S_é_)
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The Earth's spin vector is used to compute the velocity vector of the track-
ing station.

SP = (o O’u)e)

where u, is the Earth's rotation rate computed by subroutine GHA. Then the
tracking station velecity is

— —

and, finally, range rate is

- - -~

p = V-Vy

171

"

P
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SUBROUTINE TRAK

ENTER

CALL GHA
L J

T
| 0O 1000 L=/ purBER | @
Y
= 43
=
Ry
h =Sz
NAME = 3.3
“f
| CALe wwnir B
Y
— g =
P = }{%n% —-}?T
- -
€ =/¢/
A ->
= £
¢
S5 -
Se= v p
7 :
o 2 -t
L (e~ 1 L
- I E = Arctan Sz )
€ i (2 /= (S5p)2
I
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SUBROUTINE TRAK (cant)

‘ ~ ///‘ - rcor,
'_'__—‘\\E AOCL/

o, 1t

My

P.
S 2 =_/P\/Ej

2 = Arcfon (z;’:;)

cos 2

Vr /i;; X 5/0—7?7
—> — —
Vre/ = lé/a'/e - Vi
-
? = Vre/ P
Y
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Purpose!

Deck Name:

Calling Sequencet

Subroutine GHA

To compute the local hour angle relative to the mean
vernal equinox,

GHAN

SUBROUTINE GHA (T, DD, GH, ®MEGA)

Subroutines Called: None
Functions Called: None
Deck Length: V01N Sg
Input/Output:
FYRTRAN Math Common/
1/0 Name Name Argument | Dimension Description
I T t ARG 1 fraction of a julian day
in seconds
I DD d ARG 1 whole number of julian
days since 1 January 1950
¢ GH GK ARG 1 local hour angle
g @MEGA we ARG 1 rotation rate of the earth
109 SID £5-1203-3




SUBROUYTINE  GHA

‘ ENTER )

L

— L 004/[7807%2
/] +(8.2/x073)d

Gl = 100.07554 * .98564735 o

(2.90185 x103)d2 + w7

v

( RETURY )

where
d = whole number of julian days past Oth 1 January 1950
{(JD 2433222,5)
T = fraction of julian day
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Development of Equations:

The hour angle of the Greenwich meridian relative to the mean vernal
equinox of epoch T is given in the Nautical Almanac as

Ym(t) = 1002 07554260 + 09 9856u73u6d

+ (29 9015) x 10-1342 + wt (mod 360)

where
d = the integral number of days past zero hours, 1 January 1950
t = time in seconds past zero hours of the aepoch date
00417807417
W =

1 + (5,21)10~134
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Purpose:

Deck Name:

Calling Sequence:

Subroutine UNIT

To compute the up, east and north unit vectors at the
tracking station.

UNITT

SUBR@UTINE UNIT (SLAT, SL@N, SALT, GHA, RP¢L, RE, U, E,
Z, RT)

Subroutines Called: None
Functions Called: SIN
SQRT
Deck Lengtn: 00254g
Input/Output:
F@RTRAN Math Common /
1/0 Name Name Argument Dimension Description
I SLAT @ ARG 1 station latitude
I SLgN A ARG 1 station longitude
I SALT A ARG 1 station altitude above
reference geoid
I GHA GHA ARG 1 local hour angle
I RPOL Rp ARG 1 earth's polar radius
I RE Rg ARG 1 earth's equatorial radius
1) U g ARG 3 unit zenith vector at
station
/] E 3] ARG 3 unit east vector at
station
¢ RT iT ARG 3 tracking station position
vector

11y GIT 65-1203-3




UNIT

{ ENTER ’

Y

o

Cy

™y
n

™y

Vco;’go # ég)z_r//vzgp
£

u,\‘ Cos @ COS (N1 GHA
Uy | = [ cos @ syv (N#6HA)

U3 SIN {ﬂ

~SIN (N +GHA
COS (N ¥6HA
Jo)

-S/V @ SIN (N +GHA)

(‘J/N @ COS(A#6HA)

COS (N #GHA) /

% n) o |

)

/

v

( RETURN )
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Subroutine PREDIK

Purpose: PREDIK is designed to compute a ccrrection to the position
and velocity vectors at a specified lead time to produce
agreement between a set of 9 observations (acquired at
3 epoch) and the corresponding computed values by a weighted
least squares process,

Deck Name PRED
Calling Sequence: CALL PREDIK (RAD, VEL, T, ¢BS, SIGMA2, C@RR, RTRAK, X, Y, Z)

Input/Output:

F@RTRAN Math Common/
I/0 Name Name Argument Dimension Description

I RAD ry ARG 4 x 3 Arrays of position and ve-
locity vectors at times
VEL vi ARG b x 3 corresponding to Ty, T,,
T3y and Ty. These data
are expressed in the true
equator of date frame of
reference and are assumed
to be expressed in the
units of ft and ft/sec.

I T ty ARG 5 An array ol times corres-
ponding *o the initial
epoch (or first ¥, ¥J, the
three observations and the
epoch at which the correc-
tion to ¥, ¥V will be
applied. These times are
expressed in seconds and

£ And A an
can h“ rererencea o any

arbitrary epoch,

]
2
[+]
4]
<<
o
o]
[Fe]

he ordered set of observa-

ions (observed minus com-
puted residuals). This
vector is in the order of
range~-rate, azimuth eleva-
tion, range-rate... etc.
Units are ft/sec and
radians,
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I/0

F@PRTRAN
Name

Math Common/
Name Argument Dimension Description

SIGHMA?2

C@RR

) ARG 9 The weights for the 9 ob-
servations, This vector
must be ordered in the same
fashion as is the vector Y,

X(T) ANG 6 The estimate of the state
vactor at the time T. is
obtained by a weighted
least-~squares process,
Units are ft and ft/sec.

Iy ARG 3 x3 Arrays of tracking station
position (and the corres-
ponding up, east, north
unit vectors) for the times
of the three sets of
observations, (Tp, T3, Ty,)
these data are assumed to
be measured in feet,

Subroutines Required: @BSERV (computes [ Y/ 3%1 )

Functions Required:

Approximate Deck

Length:

TRANS (computes [ 3X3/ 9X,] )
MATMPY (matrix multiplication)
MTINV (matrix inverse)

None

01071
8
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- TR

1
4

SUBROUT NE  PREDIK

( ENTER ,

Of SrI=/,4 }<

I

TIME = T(z+1) =T (/)

? = RAD (/)

-y
V = VECC!

CALL TRANS
Yes
7 = RTRAK(Z)
= RAD CIvrr)
2 = ver CZ247)
v T x(2)
£ = Y (Z)
N = Z(T)
i
C, = B; @

~

r

6“ MFINY

\h—
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——




SUBROUTINE PREDIX

A

(cont)

L

M = C'Qa-,(Ts y7r)
M= 17w
(P = /»77/7

b ol

CALL Mr//va/\
J

#

XCis) = (r17r1) M7y

|

L

‘ ETURN )
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Development of Equations :

The »outine will be constructed to compute a weighted, least-squares cor-
rection to the computed position and velocity at a desired epoch based on a
series of observed minus computed residuals recorded at a specified time prior
to the @apoch of the estimate. This objective will be accomplished by adopting
a linear model which relates position errors at various epochs on the same
trajectory (see TRANS). Thus, the errors in position and velocity at the
times of the observations can be related to the errors at some standard epoch,
by

Y' =@t ,t, ) o

where
r
¢/é4 3 éo) = a'f‘

(87
x= sv}

t; t, = the epochs of observation and reference, respectively.

Further, the errors in the observations can bs expressed as linear func-
tions of the error vector (X) (assuming that X never becomes large), This
step is accomplished as follows:

—

Y;

U

M vector of observed/computed residuals
= By Xi

where

B = 2% = M x 6 matrix
[3 axt.

Thus,

n / N T‘;
B; (tiy Lo/ A,

-
p-..L

[

1]

Now the total set of observations can be expressed as

% B 4
e B ol -~
V = :yz = 2;4?’ X, = CX,
i 8, @,
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where

~<}
u

mn-vactor

(@]
1

mn by 6 matrix

Finally, the errors at the time at which the correction is desired can be
computed as

X(T1)= P(Tsd,) Z(%,)

or
Y =C@(nt,) X(T)

EM X (T)

The problem thus reduces itself to the deriVatign of a computational alogrithm
which will construct an "optimum estimate' of X(T) for the case where mn »6.

—

Assume that the vector Y 1is now contaminated with noise as:

P §

Y

M(T) + %
or

7= ¥ -NX(T)

n

~”
Further, construct the comparison function F (F = X u£‘72 ) which is desired
to be as small as possible, <! “
T
F'=7(W7?
where
W = diagonal matrix at weights
-' -
2 0]
%~
= N
AN
N
o D
P9
ﬁ“nj

L
Now differentiate F with respect to X

AF = =A% (1) MTW(T-mZ (7)) =(T-MT(T) WM AT (T)

=-[(M WY -mwm ¥ (7)) A)?(t)]r—[(MTWV-MTwM Y1) A% ()]
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Thus, if F is to be a minimum ({.e., AF = 0), the function

MY w ¥ - MT w M X(T) = 0
and X(T) may be obtained as:
%) = Tt uTwy

It is important to note that since M is dimensioned mn by 6, neither it nor
its transpose is invertible., Thus, the aquation cannot be further simplified,

The actual problem will be a specific case of this analysis in that only
a slightly over-determined set of equations will be processed, That is, only
a slight amount of smoothing will ba employed. In this case it is assumed
that the following data are available,

Tracking Station

N . Observations
Time r, v T Up, East, North Weights (0-C)
- — FS N N N - e
Tq ro, Yy Y'Tl X Y1 9y Wy Yy
— — RS A NN -~
b - — A /N AN —
T, Pyy ¥, ry, X3 Y5 23 Wy Y’a
TS
where .
_ (AR range rate
Vis{ AA azimuth
AE alovation
.
AR variance in range-rate for ith observation
aji: oﬁ\ variance in azimuth for ith observation
k (r;i variance in elevation for its observation
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Purpoge

Deck Names
Calling Sequence;

Input/Qutput:

Subroutine @BSERV

@BSERV computes the 3 by 6 matrix of partial derivatives
of the observables with respect to the state for the
case where range-rate, azimuth and elevation are

acquired.,

@BSN

CALL $BSERV (RVEC, VVEC, @BSN, RTRAK, X, Y, Z)

F@RTRAN

I/0 .
Name

Math
Name

Dimension

Common/
Argument

Definivion

=

RYEC

VVEC

@ JBSN

I RTRAK

vy

<l

sl

V,E,N

(98]

3,3,3

ARG

ARG

ARG

ARG

The pngiticn and veloc
ity vectors for the
satellite on the esti-
mated trajectory in the
true equator of date
frame of reference.
Units are ft and
ft/sec,

The matrix of partials
of range-rate, azimuth
and elevation with
respect to errors in
position and velocity
(state)., Units are
ft/sec per (ft, ft/sec)
and rad per (ft,
f+/sec),

*3

he pesi ion vector for
the tra <ing station at
the time of the obser-
vation being considered

(ft),

The up, east, north
unit vectors at the
tracking station,

130
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Subroutines Required: CR@SS (crossproduct)

Functions Required: AMAG (magnitude of a vector)
SQRT (square root)
DAT (dot product)

Approximate Deck

Length: 003354

111 SID £5-1203-3
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- R ——

e e Ci e

SUBROU TINE OBSERYV

( ENTER )

o

— -3 b d

/o =¥ =ry

p o= 17

~ -p

P =Pl

\_/,'—;= \T)x:—";

= - —
\/l.?'v—\/'r

r _

Fartials of range ~rate
. A -

/o :/O:Vr

. — N

o8 - Ve _ &P
3r £

3P =+ 2

% 7

Y

Fartials of Azsmuth
f:é C £

? :/0. /O
52=f2fj2

Sa . (Eg - fN)/s?
gdA = £ - R)
or 4 /
M - 0

N\

Qv
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SUBROUTINE OABSERY (cont)

Partials of Flrevetion

fe 70

of _ o _f7
Y Cv-;é)/s
QE

av 0

v

< RETURN )
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2

Formulation:

@#BSERV is constructed to define the partial derivatives of the observables
(i,e., range-rate, azimuth and elevation) with respect to the state vector
(i.e., sr, a¥), This information is to be presented in the form of the
3 by 6 matrix illustrated in the following equation:

AR
AA = B S ()
AEYR
The matrix B(t) will be constructed from the following equations
. A /\
R=(r," v;_z
A = tan (= £
)
= -t - N
EL= s~ ('}U)
X ox 77
r>7r —r
A —
I = 5;/R
- —
Vi= v Y
where:
[
R = prange rate
Az = azimuth
EL = elevation
AA 3 . .
U,E,ﬁ = up, east, north unit vectors at tracking station
-
r = wvehicle's position in equatorial frame of date
Fﬁ = nominal position on reference orbit
FT = tracking station's position vector

when it is noted that for the purpose of differentiation, the nominal position
vector and the tracking station position vector are constant, i.e.,

Jdx = C/Ei

This set of operations has been performed, anc the results of the analysis
are presented below:
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T SRR~

s

AR

1, Partials of range-rate

.=)_(_ erz
R R 7 R r
éR:(.b._é 3RV .r% _ RY Yr _ RX 2. Ay x Y 2,
3% 8?’av) ~ R RZ R RZ I 7 /ez"kr’er%?)
2+ Partials of azimuth
S* (7 EV v (R R)
A d 3A u - - E-~7
o~ GR055) 8 - MG ) &l )-m(5F),
3 X 3F " 9V S RZs S
(R (RN 0.0.0
3( 52 3( ) 177
3+ Partials of elevation
N ;:‘ U &\F
QEL _ [JEL Q&L Ur X (Y1), Y2 Y, r
== = — 3 — — r 2 )5 Rz !
ax r aV 6] RS S
Ls (Q_f o,o,o]
S 1R )
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INPUT DATA

All input data is read in under a floating point format. The first
card contains the initial position and velocity vectors (see Figure 1),
The first two fields of the second card refers to the initial time. The
first field contains the whole number of julian days past Oh 1 January 1950
(JD 2433282.5), and the second field contains the fractional part of the
day. The third and fourth fields contain the step size and the final
elapsed time (in seconds), The fifth field contains the W/CpA in pounds per
square foot, and the last field contains the number of tracking stations
considered (inbut as a floating point number)., The third card contains data
describing the first tracking station. The first half of the first field
(first six columns) holds the station name (6 letters maximum), and the
second half is blank., The next four fields contain the longitude, latitude,
altitude, and horizon correction for the sta.ion. The last field is blank,
A maximum of ten tracking stations may be active; data for each active
station must be input on a separate card following the first staticn data
card.
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OUTPUT DATA

Immediately after reading the input data, a record of the input data is

printed out for reference., The initial osculating elements are also printed
out,

Beyond this, output consists of the position and velocity vectors at each

step and tracking data at any step when the satellite is viewed by a tracking
station,

To illustrate the output format and te assist in the checkout of any pro-
gram developed from this document, several pages of sample output have been
included. The initial conditions nave been printed out; note that the step
size was four minutes,
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SAMPLE PROBLEM

A sample problem was constructed around ECHO II tracking data recorddd
at Floyd Satellite Communication Terminal., Floyd is located at the Rome

Air Development Center in Rome, New York; more precisely, the station's
coordinates are:

M= 28L.6596° (2sast)
¢=43.1972° (north)
h= 164 km

The osculating orbital elements for ECHO II at epoch O min (U. T.),
O hours, 20 April 1965 were provided,

a = 7528,31 km

e = <0447
i= 8l.45°
w=  3},156°
Q.= 31,2020
M= 113.09.°

and these were used to compute the position and velocity vectors at
epoch in the geocentric coordinate system (true equinox of date).

~5975 ., 9438
B =(-2918. 1582 ) xm
3783. 0742

L [~2Thh 4520
V ={-2.729 9969 | km/sec.
-6.074 8353

The position and velocity vectors were input into the general perturbations
program ( refer to Figure 2 ) and subsequent positions and velocities
were predicted for a period of seven days at steps of 6480 seconds,
approximately one revolution., During the eighth day, 27 April 1965,
ECHO IT wes gighted several times by Floyd Tracking Station in New York.
Consequently, at the beginning of the eighth day the step size in the
program was cut to 60 seconds. After sach step, the program tested

to see if ECHO II was visible from Floyd Tracking Station. If the
satellite is seen, the program outpute range, range-rate, azimuth, and
elevation data. This computed data was compared with the observed data
provided by RADC; the results for passes 6069 and 6070 are plotted in
Figures 3 and 4.
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Results of Sample Problem:

The Figures 3 and 4 present plots of observed and computed azimuth and
elevation for the Echo II pass occurring at approximately the 16th hour of
27 April 1965, The curves show that during this eights day of prediction, the
computed position logs the observed position by 20 to 30 seconds, Using a
speed of about 8 km/sec, a corresponding position error of 160 to 240 km is
indicated, The angular difference between the observed and predicted azimuth
and elevations is on the order of ten degrees,

The time discrepancy of about 30 seconds after some 100 revolutions is
approximately one-third of a second per revolution, The orbital period of
Echo II is approximately 108 minutes (6480 seconds) so that the time discrep-
ancy per period is one in the fifth significant figure., Since the initial
osculating elements were tc four or five significant figures, a difference of
the above magnitude is to be expected.
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ACCURACY TESTS

A check run was made against an Encke-type integrated trajectory generated
by a North American, SID, digital computer program (AP-110), The compariscn
was made over three revolutions with an interval of four minutes between pre-
dicted points, To test more accurately the real-world effectiveness of the
prediction program, all of the perturbations included in AP-110 were activated,
Specifically, the oblateness through the fourth-order harmonics, drag, lunar
and solar gravitational potentials were included, Because AP-120 predicts
position in nautical miles, comparisons are mada in these units, The table
shows the position results after one, two and three revolutions, (G.P. denotes
the general perturbation formulation.)

initial conditions:

G.P, AP-110
X 3600,0000 3600,0000
Y 0,0000 0.,0000
Z 0.0000 0,0000
after one revolution:
G.P. AP-110
X 3596,53910 3596,53840
Y -124,31783 -124,25333
Z 102,55u489 -102,47667
after two revolutions:
G.P, AP-110
X 3586,240u40 3586,17630
Y -248,01990 -248,14364
Z -204,60541 -204,69866
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after three revolutions:

G.P, AP=110
X 3569,17900 3568.,97940
Y -370,89563 -371,66846
Z -306,05043 -306,77181

The results indicate agreement with the integrated "real-world" trajectory to
within one nautical mile after three revolutions,
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CONCLUSIONS AND RECOMMENDATIONS

The accuracy test with an integrated Encke-type trajectory and the results
of the sample problem have confirmed the soundness of this approach to the
task of driving a tracking antenna in an open-loop mode,

A The scope of the stody and the time restrictions have precluded an exten-
B¢ sive checkout that would elevate the status of the FGRTRAN IV program to the
= all-inclusive level of "operation," Further checks on the variation of

‘ accuracy with prediction step size along with a complete incorporation and
checkout of the differential corrections section would be necessary before the
status promotion could be made,

" Specifically, the following items merit consideration:
1, Increase program efficiency by combining groups of subroutines,

"4 2, Increase program flexibility by including the effects of solar
4 radiation pressure and lunar and solar gravitational potential.

ﬂ}f 3. Provide for initial-condition options, e.g. the non-singular
i osculating elements and/or a more conventional set of orbital
elements,
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